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Natural Convective Flow Instability Between Horizontal
Concentric Cylinders
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and
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Thermal and hydrodynamic instabilities are numerically investigated for natural convective flow between
narrow horizontal cylindrical annuli. At fairly high Rayleigh numbers, thermal instability for air appears as
steady, counter-rotating cells near the top portion of the annulus. This flow also yields hysteresis behavior under
certain small gap width conditions. For small Prandtl number fluids, an unsteady hydrodynamic instability is
demonstrated at high Grashof numbers in the vertical portions of narrow annuli. These cells are like-rotating.
For the high Rayleigh number, small gap width regime, excellent agreement is achieved between an existing
analytical boundary-layer result and present Navier-Stokes computations.

Introduction

F ROM a practical standpoint, the study of natural con-
vection between horizontal isothermal concentric cylin-

ders has a wide variety of technological applications, ranging
from nuclear reactors and thermal storage systems to cooling
of electronic components, aircraft fuselage insulation, under-
ground electrical transmission lines, and even the flow in the
cooling passages of turbine blades.1

However, in a different perspective, the work set forth in
this research was undertaken to gain further understanding
of natural convective flow instabilities in a two-dimensional
geometry. Still not well understood is the influence of Prandtl
number Pr variations on the nonlinear processes involved in
triggering either thermal or hydrodynamic types of instability.
Also of relevance is the aspect of nonuniqueness, which allows
the possibility of hysteresis behavior associated with thermal-
convective instabilities. These important issues are addressed
and studied in this paper.

For horizontal isothermal concentric cylinders, the basic
flowfield consists of two cresent shaped cells induced strictly
from buoyancy effects, although more complicated flowfields
can develop, depending on the Rayleigh number and diameter
ratio R considered. For air, Powe et al.2 experimentally char-
acterized three basic flow regimes associated with the top
portion of an annulus: 1) two-dimensional multicellular flow
for R < 1.2, 2) three-dimensional spiral flow for 1.2 < R <
1.7, and 3) three-dimensional oscillatory flow for R > 1.7.
The counter-rotating multicellular flowfield in regime 1 re-
mained steady for a small number of cells, but as Rayleigh
number increased, slight oscillations about the vertical cen-
terline occurred. Regimes 2 and 3 are unsteady.

Other studies relating to this can be found in Liu et al.,3

Grigull and Hauf,4 Bishop et al.,5 Powe et al.,6 Kuehn and
Goldstein,7 and Rao et al.8 A collective review of these articles
is given in Fant.9

In general, experimenters have verified that, for air at high
Rayleigh numbers, a two-dimensional multicellular flow is
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possible near the top of narrow horizontal cylindrical annuli.
However, not all numerical investigations have confirmed this
fact. It seemed that the transition to multicells could not be
captured due to either first-order upwind differencing of the
convective terms or a lack of numerical stability experienced
when approaching high Rayleigh numbers. Thus, it appears
that at least second-order accuracy is required to resolve this
multicellular type of instability. In addition, for this geometry,
there appears to be a void in the research regarding the pos-
sibility of related hysteresis behavior associated with the tran-
sition to multicells. The lack of numerical results in this area
provided motivation for the thermal instability work reported
in this paper.

For small Prandtl numbers, an apparent thermal-like in-
stability was resolved analytically by Mack and Bishop10 for
a relatively wide annular gap of diameter ratio 2.0 (also see
Huetz and Petit11). This two-dimensional steady flow con-
sisted of six counter-rotating cells in the full annulus. A similar
type of instability was also reported by Fant9 for Pr = 0.02
and R = 2.0.

Interestingly, in this study, for vanishingly small Prandtl
numbers and R = 1.09 (a narrow gap width), an unsteady
multicellular flow with like-rotating cells was resolved nu-
merically in the vertical portion of the annulus. This instability
is hydrodynamic in nature and is qualitatively similar to that
investigated by Elder12 and Lee and Korpela13 for a narrow
vertical slot geometry; although, for the vertical slot, the mul-
ticellular flow remained steady for small Prandtl number fliiids.

Fant et al.14 appear to have been the first to identify this
type of two-dimensional, unsteady, hydrodynamic instability
in the vertical portion of a narrow horizontal cylindrical an-
nulus. However, their results related to the numerical solution
of boundary-layer-like equations, obtained by simplifying the
two-dimensional Navier-Stokes equations under the limits of
small Prandtl number, high Rayleigh number, and small gap
width. The current study relaxes two of these important con-
straints by solving the two-dimensional Navier-Stokes equa-
tions for the single limiting condition of small Prandtl number.
Qualitative and quantitative comparisons appear later in the
paper.

This particular multicellular flow instability has only been
captured numerically, as previously discussed, whereas th£
analogous instability for the vertical slot geometry has been
studied and verified both experimentally and numerically.

Because of the lack of numerical and experimental work
associated with the low Prandtl number regime, further im-
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petus was provided to study this unique flow in more detail
in the present paper. Thus, the narrow gap annular geometry
offers the capability of examining both thermal and hydro-
dynamic instabilities, dictated by the Prandtl number of the
working fluid.

Mathematical Analysis
The basic mathematical formulation is as given in Fant et

al.14 The flow is assumed to be laminar, Newtonian, and two
dimensional, and the inner cylinder temperature is assumed
to exceed the outer. The geometry for this problem is shown
in Fig. 1. Also, the vorticity stream function formulation of
the Navier-Stokes equations is adopted. Cast in dimensionless
form, the governing equations are the following:

Energy:

180°

ar dT
G +Gu

GV si

a2r
dr2 r + G-1 dr (r + G'1)2 (1)

Vorticity:

dt dr

"

[d2w
ldr2

dT

dw
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cos

1 a2w
(r + G-1)2

df\

Stream function:

a2f i
ar2 r + dr (r + ;TT; = G2w

(2)

(3)

In these equations, u is the radial velocity, v the azimuthal
velocity, / the stream function, w the vorticity, and T the
temperature. The stream function is given by

u = -1______
G(r + 1/G) di//

Gdr

(4a)

(4b)

The radial and azimuthal coordinates r and ^ are shown in
Fig. 1, and t is time. In this system of equations, three in-
dependent parameters are needed to describe the problem,
namely, the Rayleigh number, the Prandtl number, and the
gap spacing. The Rayleigh number is based on the temper-
ature difference between the cylinders and the inner cylinder
radius:

Ra = g/3 a\Tt - T0)
(5)

where g is the local uniform vertical acceleration due to grav-
ity, fi the coefficient of thermal expansion, a the inner cylinder
radius, v the kinematic viscosity of the fluid, and a the thermal
diffusivity. 7", and T0 are the inner and outer cylinder tem-
peratures, respectively (see Fig. 1). The Prandtl number is
given by

(6)

TO- -90°

360°,0°
Fig. 1 Two-dimensional concentric cylinder geometry.

Finally, the gap spacing of the annulus is

(7)

where a is the radius of the inner cylinder and b is the radius
of the outer cylinder. The time, the angular coordinate, and
the radial coordinate have been nondimensionalized, as in
Prusa and Yao.15

The nondimensional boundary conditions for this system
of equations are the following:
The r = 0 (inner cylinder) boundary conditions:

)) = 1 (8)

)) = 0 (9)

vv(^, 0) = G~2/ r r(<A, 0) (10)

Similar boundary conditions are applied to the outer cylinder:

M) = 0 (11)

) = 0 (12)

wOA, 1) = G-2/rr(<M) (13)

Eqs. (1-3) will be used to examine the thermal instability
of air for the concentric cylinder geometry. For the hydro-
dynarnic instability analysis, small Prandtl number limiting
equations will be derived next.

Small Prandtl Number Equations
In the limit Pr—> 0, the thermal-energy equation becomes

c^T 1 dT ___1_
ar2 r + G l dr (r + G 77^ = 0 (14)

subject to the following boundary conditions (assuming sym-
metry):

no, «/o = i
ni, «/•) = o

AT
-(^ = 0,^ =

(15a)

(15b)

(15c)
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Given Eqs. (15a-c)> the solution to Eq. (14) is

4(1 + G • r)T= 1 - + G) (16)

which is simply the steady-state conduction solution for the
concentric cylindrical annulus. Because Eq. (16) is independ-
ent of i/r, one gets

— = 0
~

-GdT = _____________
dr ~ (1 + G • r) &(1 + G)

(17a)

(17b)

Hence, for the limit Pr —» 0, the buoyancy term —cos
(dT/di/i) in Eq. (2) reduces to zero, whereas

. dT =
Sm * ~

- G sin
dr ~ (1 + G • r) £(1 + G) (18)

Thus, the energy equation has decoupled itself from the vor-
ticity equation.

Now, in the limit G —> °°, Eq. (18) vanishes (or approaches
zero from the negative side). As G —» 0, Eq. (18) simplifies
to

= — sin (19)

Therefore, sin i//(dT/dr) achieves its riiaximum absolute value
(and thus maximum velocity) at ^ = 90 and 270 deg for G
-» 0. This indicates that for the Pr -» 0 condition, a hydro-
dynamic (or shear-flow) instability will likely occur in the
vertical portions of a narrow annulus.

Incorporating these simplifications, the governing equa-
tions for the Pr -» 0 limit become the following:

Vorticity:

dfdw
dr d</r dr

d2w __;
dr2 + r +

1 d2wdw

~dr (r + G-1)2 dif/2

Stream function:

d2/ 1 df
dr2 + r + G-1 dr

With boundary conditions:

(r +

w(r = 0, 1; </0 = —G2dr2

(21)

(22)

(23)

As seen by Eqs. (20) and (21), the nonlinear terms in the
vorticity (momentum) equation remain and the energy equa-
tion decouples and reduces to the simple conduction solution.
Most important, tjibugh, these small Pr equations are valid
for arbitrary gap width G and Grashof number Gr, thus en-
abling one to further investigate the various effects of each
parameter.

Analytical Solutions
A steady-state analytical solution to Eqs. (1-3) was derived

in Fant.9 This solution was obtained by considering the Na-
vier-Stokes equations under the limiting conditions of high
Rayleigh number and small gap width. The resultant asymp-
totic expansions for temperature, vorticity, and stream func-
tion are the following:

f = (i _ r) + G4 T! + G8 T2 + G12 T3 +

w = Gwl + G5 W2 + G9 w3 + G13 w4 +

/ /^S f J_ /^V -f _L /^ll "̂ _l_ /^ 15 -̂  _L= G3/i + G7/2 + Gu /3 + G1!>/4 +

where

tv, =
sn h -»+1]

/, =
sm t/>
24 Pr Hr - i)2]

(24)

(25)

(26)

(27)

(28)

(29)

As shown in Fant,9 these expansions were based on the scal-
ing,

(w,/, T) ~ (Ra3/4 w, , f) (30)

Also, higher order terms for Eqs. (24-^6) may be found in
this reference. In these equations, G is defined as

G = Ram G (31)

Similar results were obtained for the small Prandtl number
limiting condition of the above equations. For this case, the
dependent variables expand as

T = 1 - r

W = G W, + G5 W2 +

F = 63 F, + G7 F2 +

where

wt = [r2 - r + (1/6)] sini/>

sin
24

(32)

(33)

(34)

(35)

(36)

Notice that a new scaled gap G is defined such that

6 = Gr1/4G (37)

These expansions were based on the following scaling:

(vv,/, f) ~ (?r-3/4 W, Pr~m F, T) + • • • (38)

The preceding analytical solutions, valid for finite and van-
ishingly small Prandtl numbers, will provide useful compar-
isons to the numerical results appearing later in the paper.

Computational Method
The two-dimensional Navier-Stpkes equations, Eqs. (1-3)

and the small Prandtl number Navier-Stokes equations, Eqs.
(20) and (21), were solved implicitly in time usiilg a point-
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iterative Gauss-Seidel procedure with under-relaxation. The
dependent variables at a given time level were found by re-
peated iteration of the governing equations until a local rel-
ative error of 1/106 was achieved. The solutions were carried
out to steady state whenever possible, and when unsteady
flow behavior occurred, sufficiently small time steps were used
to avoid large truncation errors and produce time-accurate
solutions.

For the unsteady terms, a first-order forward difference
formula was employed. All spatial derivatives in the governing
equations were second order centrally differenced. This in-
cluded the radial and streamwise convective terms that were
represented by a first-order upwind expression together with
the standard correction term to give a second-order central
difference form in the converged solution. Variable spatial
increments were also used in order to concentrate nodes near
the inner and outer cylinders and near multicellular activity.

The transitional value of Ra or Gr (that value that char-
acterizes the transition from bicellular to multicellular flow)
was determined by initially calculating the steady-state bicel-
lular solutions for successively larger pretransitional values of
Ra or Gr. Each successive steady-state calculation was run
using the previously converged steady-state solution as an
initial guess. This procedure was repeated until, at some crit-
ical value of Ra or Gr, a transition to multicellular flow oc-
curred. The primary aim of this study was to numerically
capture both thermal instability (transitional Ra for air) and
hydrodynamic instability (transitional Gr for small Pr) in a
narrow horizontal annulus. For the small Prandtl number so-
lutions, unsteady periodic motion was determined. Note that,
in these cases, each time level of the unsteady calculation was
completely iterated to convergence.

For the small Prandtl number Navier-Stokes equations,
symmetry about the vertical centerline was assumed for a 31
x 102 size mesh (3.1 radial nodes and 102 angular nodes).
Finer meshes were also considered and will be discussed in
the next section. Overall, though, the 31 x 102 mesh ade-
quately resolved the multicells that formed within the annulus.
This symmetry assumption was based on the work of Fant et
al.14 By considering the complete annulus, they verified the
vertical symmetry condition for the numerical solution of small
Prandtl number boundary-layer equations. This assumption
was, therefore, extended to the small Prandtl number equa-
tions studied in this paper. In qualitative support of this claim,
the multicells were concentrated near the vertical section of
the annulus, whereas the flow near ^ = 0 and 180 deg re-
mained quiescent, preserving the steady-state kidney-shaped
flow pattern in these regions. Also, the small Prandtl number
steady-state analytical solutions were symmetric about «// =
0 and 180 deg.

For the thermal instability of air, calculations were based
on a 31 x 102 mesh for the entire annulus (0-27r). Nodes
were highly concentrated near the top of the annulus to prop-
erly resolve the counter-rotating secondary motion in this
region. For the cases considered, steady-state symmetric so-
lutions ensued.

The CPU time varied considerably depending on the mul-
ticellular activity that developed. For thermal instability, steady-
state pretransitional solutions were achieved within 300 time
steps for At = 5 x 10~4. This required a total CPU time of
about 5 h on a Per kin-Elmer 3242, a supermini computer with
a computing speed of about 1 MIP. However, when the tran-
sition to multicells occurred (two to four or two to six cells),
the time step was maintained at 5 x 10~4, but the amount
of CPU time needed to achieve steady state increased to
approximately 30 h.

The unsteady small Prandtl number results were calculated
on the VAX 8650 computer system. For the unsteady mul-
ticellular flow corresponding to Gr = 1.45 x 10A and G =
0.09, some 120 h of CPU time were required to compute this
solution up to a dimensionless time of t = 0.75 for a constant
time step of 5 x 10~5 (see Fig. 12).

Numerical Results and Discussion
The first part of this section describes the hysteresis be-

havior associated with steady multicellular flow occurring in
narrow gaps for air. This type of multicellular flow is a result
of thermal instability and develops near the top portions of
narrow horizontal annuli.

The second section mainly describes an unsteady multicel-
lular flow that develops near the vertical portions of a narrow
horizontal annulus for small Prandtl number fluids. This par-
ticular type of instability is hydrodynamic in origin.

Thermal Instability
For the two-dimensional Navier-Stokes equations, multi-

cellular flow near the top of the annulus was investigated for
Pr = 0.706. The complete annular flowfield (0-27r) was de-
termined numerically when searching for hysteresis behavior.
A 31 x 102 mesh was employed with the grid points con-
centrated near the top horizontal portion of the annulus where
the multicellular flowfield tended to develop for air.

Average Nusselt numbers are presented in Fig. 2 for gap
number G = 0.200 and Pr = 0.706. The transition of the
flowfield from two to four cells occurred abruptly at a Ray-
leigh number of approximately 3.51 x 105 (or 2808, when
based on gap width). Associated with this transition was a
sudden rise in the average Nusselt number (see Fig. 2) due
mainly to more efficient fluid mixing created by the counter-
rotating secondary motion.

The Nusselt number exhibited a hysteresis behavior as the
Rayleigh number was gradually increased and then decreased
past the transition point. For Ra > 3.5 x 105, only a four-
cell solution prevailed; whereas for Ra < 2.85 x 105, only a
two-cell solution prevailed. However, between these two lim-
its, both types of solutions were possible, thus forming a hys-
teresis loop.

Powe et al.6 numerically estimated a transitional Rayleigh
number of 4.52 x 105 for G = 0.200, based on the point at
which the stream function changed its sign. However, they
could not fully resolve the smaller counter-rotating cell with
their particular method. They used a uniform increment mesh
with 35 angular and 15 radial nodes for the half-annulus. A
similar four-cell flow pattern was experimentally observed by
Bishop et al.16 in a concentric spherical geometry. For G =
0.19, they obtained a transitional Rayleigh number (based on
gap width) of about 3.6 x 103, which corresponds to ap-
proximately Ra = 5.25 x 105.

These earlier results agree with the present work in that a
four-cell pattern predominates immediately after the thermal
instability sets in for G = 0.200.

Streamline plots of the cellular flowfield for G = 0.200 are
depicted in Figs. 3 and 4. Figure 3 corresponds to Ra = 3.5
x 105 and demonstrates the usual kidney-shaped flow pattern.

0.00 8.00 16.00 24,00 32,00 40.00 48.00

Rayleigh Number (x104)
Fig. 2 Hysteresis behavior of the mean Nusselt number variation
with Rayleigh number for G = 0.200 and Pr = 0.706.
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Fig. 3 Streamlines of a two-cellular flowfield at Ra = 3.5 x 105 for
G = 0.200 and Pr = 0.706.

Fig. 5 Isotherms of the four-cellular flowfield at Ra = 9 x 105 for
G = 0.200 and Pr = 0.706.

Fig. 4 Streamlines of a strong four-cellular flowfield at Ra = 9 x
105 for G = 0.200 and Pr = 0.706.

Figure 4 shows the secondary flow in a strong state beyond
transition at Ra = 9 x 105. A typical multicellular temper-
ature profile is also given in Fig. 5 for Ra = 9 x 105. The
shape of the isotherms was responsive to the fluid motion for
Pr = 0.706, resulting in an inverted thermal plume near the
top portion of the annulus.

Similarly, for G = 0.100, an abrupt rise in heat transfer
occurred as the flowfield made the transition from two to six
cells at Ra = 2.841 x 106, as shown in Fig. 6. The hysteresis
loop for this case expanded from Ra = 2.57 x 106 to 2.84
x 106, a change of approximately 2.7 x 105. Below this range,
only the two-cell solution prevailed, whereas above this range,
only the six-cell solution prevailed.

The occurrence of six cells on transition may be explained
as follows. As the gap decreases, curvature effects diminish,

0.00 5.00 10.00 15.00 20.00 25.00 30.00 35.00

Rayleigh Number (x105)
Fig. 6 Hysteresis behavior of the mean Nusselt number variation
with Rayleigh number for G = 0.100 and Pr = 0.706.

resulting in a better comparison to the Benard type of insta-
bility between horizontal parallel flat plates. This, coupled
with increased viscous effects, may cause the number of cells
at transition to increase, i.e., a two- to six-cell transition for
G = 0.100 as opposed to the two- to four-cell transition for
G = 0.200. This statement is supported by the numerical
results of Rao et al.,8 where they graphically depicted a six-
cell flow pattern at a Rayleigh number of approximately 7.5
x 105 for G = 0.175. In this study, for G = 0.175, a transition
to six cells took place at Ra = 4.5 x 105. A typical six-cell
flow pattern with related isotherms for G = 0.100 and Ra =
3.6 x 106 is depicted in Figs. 7 and 8, respectively. Notice
the upright thermal plume (Fig. 8) associated with the six-cell
flowfield.

A mesh resolution comparison given in Fanty indicates that
the transitional Ra for G = 0.200 is within 15% uncertainty,
whereas for the smaller gap G = 0.100, only a 5% uncertainty
was predicted.

The three-term expression for vorticity in Eq. (25) was used
to generate comparative data for the pretransitional two-di-
mensional Navier-Stokes numerical results. Comparisons of
the inner-wall (r = 0) vorticity are given in Fig. 9.

Figure 9 displays the angular variation of the inner-wall
vorticity for G - 4.0 and Pr = 0.706. For G = 0.200, 0.100,
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Fig. 7 Streamlines of a six-cellular flowfield at Ra = 3.6 x 106 for
G = 0.100 and Pr = 0.706.

Fig. 8 Isotherms of the six-cellular flowfield at Ra = 3.6 x 106 for
G = 0.100 and Pr = 0.706.

and 0.025, maximum respective errors of 7.1, 3.5, and 1.0%
resulted near if/ = 90 deg, or approximately the point of
maximum fluid velocity.

The best comparison to the analytical result corresponded
to G = 0.025. This was expected since the asymptotic analysis
was tailored for the small gap/high Rayleigh number flow
regime. Therefore, the two-dimensional Navier-Stokes solu-
tions do indeed converge to the perturbation solutions as G

Hydrodynamic Instability
Under certain conditions, an unsteady multicellular flow

originates in the vertical sections of a two-dimensional narrow
horizontal cylindrical annulus. This particular type of multi-
cellular flow was captured numerically by solving the small
Prandtl number Navier-Stokes equations, as previously de-

>»
Hh*

"o
ro

I
<5

O G = .200 (Ra = 160,000)
+ G = .100 (Ra = 2,560,000)

= 6,554x108)
O5 = 4.0 (analytical)

0.00 30.0 60.0 90.0 120.0 150.0 180.0

\|/(Degrees)
Fig. 9 Angular variation of the inner-wall vorticity for G = Ra1

G = 4.0, and Pr = 0.706.

ANALYTICAL
D = NUMERICAL

2.7575 (r2-r +1/6)

o
I—
DC
O

-0.40
0.00 0.20 0.40 0.60 0.80 1.00

RADIAL COORDINATE
Fig. 10 Radial variation of vorticity at $ = 90 deg for G = 0.09 and
Gr = 14.1 x 106.

rived. The multicells develop as a result of hydrodynamic
instability and are analogous to those investigated by other
researchers with regard to the vertical slot geometry (see Lee
and Korpela13).

For G = 0.09, steady-state unicellular results in the half
annulus were obtained up to a Grashof number of 14.1 x
106. Figure 10 provides a comparison between numerical and
analytical results for the radial variation of vorticity at $ =
90 deg. The analytical vorticity expression used in Fig. 10 was
obtained from the leading-order term of Eq. (35), with G =
Grl/4 G = 5.515 (for G = 0.09 and Gr = 14.1 x 106). These
results indicate a maximum relative error of about 2.0% oc-
curring at the inner and outer walls of the annulus. This fa-
vorable comparison again supports the numerical and ana-
lytical analyses used in this research.

At Gr = 14.5 x 106, the G = 0.09 geometry initially
developed a five-cell instability near the vertical portion of
the annulus, as indicated by Fig. 11. This multicellular flow
became unsteady and vacillated between four and five cells
within the annulus, producing the time-periodic response of
Fig. 12.

The period of this cyclic pattern is approximately 0.135 time
units. This result is similar to that reported by Fant et al.,14

where they resolved unsteady multicellular flow obtained by
solving small Prandtl number boundary-layer equations.
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Fig. 11 Streamlines of a five-cellular flowfield for G = 0.09, Gr
14.5 x 106, and t = 0.75.

3 2 -

30-
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O 28-
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22 i 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 111 1 1 1 1 1 1 1 1 1 1 1 1 1 I i 11
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Time
Fig. 12 Time dependence of the stream function at r = 0.5, <// = 90
deg for G = 0.09, and Gr = 14.5 x 106.

Finer meshes of 31 x 132 and 31 x 162 were also consid-
ered for this gap width. The transitional Grashof numbers for
these meshes were 14 x 106 and 13.8 x 106, respectively. In
addition, each mesh size resolved the same number of initial
cells (five) at nearly the same location in the annulus.

Using the 31 x 102 mesh, transitional Grashof numbers
for other size gap widths were calculated. These results plot
as a straight line in Fig. 13. The slope of this line is -0.30,
indicating that the gap spacing G for transition is proportional
to Gr °-3(). Apparently, this curve implies that the product

7 -

6 -

2 3 4 5 6 7 8 9 2
107 108

Transitional Grashof Number (Gr)
Fig. 13 Gap spacing as a function of transitional Grashof number.

G . Gro.3Q js equai to a constant at transition for small Prandtl
number fluids. It was also noticed that the number of cells at
transition increased as the gap width decreased.

This scaling is slightly different than that predicted by Fant
et al.,14 where they reported the gap to scale as G ~ Gr~0 25

for small Pr boundary-layer equations. Note that in both stud-
ies the resulting multicellular flowfields were qualitatively
similar.

Concluding Remarks
Numerical solutions of the two-dimensional Navier-Stokes

equations yielded steady laminar multicellular flow for air
near the top portions of narrow horizontal isothermal con-
centric cylinders. It was shown that hysteresis behavior exists
for G = 0.100 and 0.200, with respect to sudden changes in
the mean Nusselt number as the Rayleigh number was slowly
increased and then decreased past the multicellular transition
point. Pretransitional numerical results compared favorably
to an existing analytical solution that was valid for high Ray-
leigh numbers and small gap widths.

Simplified equations for small Prandtl number were ob-
tained from the two-dimensional Navier-Stokes equations.
These equations were valid for arbitrary gap size and Grashof
number and incorporated both radial and azimuthal diffusion
terms in the vorticity equation. For various size small gap
widths, numerical results demonstrated (at least qualitatively)
that multicellular flow can indeed exist in the vertical portions
of narrow annuli. In particular, an unsteady time-periodic
multicellular instability was evident for G = 0.09 at Gr =
14.5 x 106.

Based on these results and the work presented in Fant et
al . , 14 an experimental verification of this small Prandtl number
phenomenon is in order for this geometry.
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